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Abstract

The Riemann Hypothesis�that all non-trivial zeros of the zeta function lie

on the critical line Re(s) = 1/2�has inspired a century of genuine mathematical

physics. This article provides a rigorous, self-contained exposition of the Hilbert�Pólya

spectral interpretation, the Montgomery�Dyson connection to random matrix the-

ory, the Berry�Keating Hamiltonian, Connes' non-commutative geometry, PT-symmetric
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quantum mechanics, the Katz�Sarnak classi�cation of L-function families, Lan-

dau's Fourier inversion, Selberg's central limit theorem, and the Keating�Snaith

moment conjecture. It derives the uniform hyperbolicity condition λp = 1 from

the Gutzwiller trace formula, presents explicit quantum graph models, and con-

cludes with the Kapustin�Witten realisation of Geometric Langlands via S-duality.

A comprehensive spectral matrix uni�es all �ve domains. Throughout, we distin-

guish sharply between bottom-up operator construction (real physics) and top-down

pseudo-scienti�c appropriation.

1 The Genesis: The Hilbert�Pólya Conjecture

The physical approach to the Riemann Hypothesis began in the early 20th century with
an informal proposition by David Hilbert and George Pólya. In quantum mechanics, the
allowed energy levels of a closed system are the eigenvalues En of a self-adjoint (Hermitian)
Hamiltonian Ĥ:

Ĥψn = Enψn, En ∈ R.

Hilbert and Pólya hypothesized that the imaginary parts γn of the non-trivial Riemann
zeros ρn = 1/2 + iγn correspond to the energy eigenvalues of some unknown quantum
system. If such a self-adjoint operator exists, the reality of its eigenvalues forces γn ∈
R�proving the Riemann Hypothesis.

2 The Montgomery�Dyson Breakthrough: RandomMa-

trix Theory

In 1972, number theorist Hugh Montgomery derived the pair correlation function for
the Riemann zeros. When physicist Freeman Dyson saw the formula, he recognised
it immediately: it matched the Gaussian Unitary Ensemble (GUE), which describes
eigenvalues of random Hermitian matrices.

In physics, GUE statistics govern the energy levels of chaotic quantum systems with
broken time-reversal symmetry. Montgomery's result implied that the zeros of ζ(s) behave
statistically like such a quantum chaotic system�a profound and non-trivial connection.

3 The Berry�Keating Hamiltonian: H = xp (Overview)

In 1999, Michael Berry and Jon Keating proposed the simplest classically chaotic Hamil-
tonian H = xp. Quantising requires symmetrisation:

ĤBK =
1

2
(x̂p̂+ p̂x̂) = −iℏ

(
x
d

dx
+

1

2

)
.

Solving ĤBKψ = Eψ yields ψ(x) = C xiE−1/2, which is not square-integrable on (0,∞).
The spectrum is continuous. To obtain discrete eigenvalues�the Riemann zeros�one
must con�ne the particle with boundary conditions. Berry and Keating showed that
a suitable cuto� reproduces the average zero density, but no simple boundary yields
the individual zeros exactly. The failure is instructive: the Riemann Hamiltonian must
involve arithmetic structure.
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4 Alain Connes: Non-Commutative Geometry and the

Adeles (Overview)

Fields medalist Alain Connes (1999) constructed a quantum system on the adelic space�the
product of the real numbers R with all p-adic �elds Qp. In Connes' model, the Riemann
zeros appear as resonances in the absorption spectrum. The explicit trace formula of
number theory becomes a trace formula in non-commutative geometry. Connes' frame-
work requires RH to complete a speci�c trace formula; it provides a deep structural
equivalence rather than a proof.

5 PT-Symmetric Quantum Mechanics: Bender, Brody

& Müller (2017)

Carl Bender, Dorje Brody, and Markus Müller constructed a PT-symmetric Hamiltonian:

Ĥ =
1

1− e−ip̂
(x̂p̂+ p̂x̂)

1

1− eip̂
,

where eip̂ψ(x) = ψ(x + 1). After Fourier transform and imposing physical boundary
conditions, the eigenvalue equation forces

ζ

(
1

2
+ iE

)
= 0.

Thus the eigenvalues En are exactly the imaginary parts of the non-trivial zeros. If one
can prove the spectrum is real (unbroken PT symmetry), RH follows. Conversely, if RH
holds, the spectrum is real. This is an exact equivalence.

6 The Crucial Distinction: Bottom-Up vs. Top-Down

All genuine approaches share a common philosophy: bottom-up construction. One
de�nes an explicit operator, derives its spectral properties, and the zeros emerge as a
consequence. The zeros are the output of a well-de�ned dynamical system.

In pseudo-scienti�c frameworks, the logic is inverted. The zeros are assumed to lie
on the critical line and are then asserted�without mechanism�to �couple� to string
tension or stabilise macroscopic phenomena. This top-down invocation is the hallmark
of pseudo-science.

7 Spectral Statistics of the Connes Transfer Operator

(Formal)

The Hilbert space H is de�ned as the space of square-integrable functions on the adele
class space X = AQ/Q∗. Applying the Arthur�Selberg trace formula to the scaling action
of R∗

+ yields two distinct components:
1. Continuous spectrum (geometric side):

Trcont

∫
f(t)θtdt =

E

2π
ln

(
E

2πe

)
+ o(1),
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matching the Weyl asymptotic.
2. Discrete absorption spectrum (spectral side):

Trdisc

∫
f(t)θtdt =

∑
ρ

f̂(ρ),

where ρ = 1/2 + iγ are the non-trivial zeros. If any zero possessed Re(ρ) ̸= 1/2,
the operator would cease to be self-adjoint. Therefore, RH is equivalent to the
self-adjointness of the Connes di�erential operator.

8 Dirichlet L-Functions and Quantum Chaotic Symme-

tries (Katz�Sarnak)

Di�erent families of L-functions exhibit zero-spacing statistics matching the Haar mea-
sures of classical compact Lie groups:

� Unitary U(N): families of Dirichlet L-functions with non-real characters. 1-level
density W (x) = 1.

� Symplectic USp(2N): elliptic curve L-functions. WUSp(x) = 1− sin(2πx)
2πx

.

� Orthogonal SO(even): real quadratic Dirichlet L-functions. WSO(even)(x) = 1 +
sin(2πx)

2πx
.

The Riemann zeta function is one member of this rigid landscape. The functional equation
dictates the symmetry type.

9 Explicit Boundary Conditions for a Metric Quantum

Graph

Consider a star graph with central vertex v0 connected to V edges of lengths lj. The
negative Laplacian − d2

dx2 on each edge with Kirchho� (Neumann) boundary conditions
yields a scattering matrix Sjm = 2

V
− δjm.

The secular determinant is det(I − SD(k)) = 0 with Djj = ei2klj . Setting lj = ln pj
(logarithms of primes) forces the eigenvalues kn to approximate the Riemann zeros γn.
The trace formula is structurally identical to the Weil explicit formula.

10 The Berry�Keating Hamiltonian and Quantum Di-

lations

To ground the Hilbert�Pólya conjecture in an explicit physical di�erential operator, we
return to the classical Hamiltonian H = xp. To satisfy self-adjointness, we symmetrically
order:

ĤBK =
1

2
(x̂p̂+ p̂x̂) = −iℏ

(
x
d

dx
+

1

2

)
.
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The eigenvalues E and eigenfunctions satisfy ĤBKψE = EψE, yielding ψE(x) = xiE/ℏ−1/2

(setting ℏ = 1 for simplicity). This operator generates dilations: eitĤBKψ(x) = et/2ψ(etx).
Because the spectrum on the full real line is continuous, we truncate phase space such

that |x| ≥ xmin, |p| ≥ pmin, with the semiclassical Planck cell volume constraint xminpmin =
2πℏ. The number of semiclassical states up to energy E evaluates asymptotically to:

N(E) ∼ E

2π
ln

(
E

2πe

)
.

Setting ℏ = 1 reproduces the leading asymptotic of the Riemann�von Mangoldt formula
for the average zero density. This establishes that the imaginary parts of the Riemann
zeros correspond to the discrete resonant energy levels of a quantum particle undergoing
hyperbolic acceleration within a scaling �eld.

11 Quantized Hyperbolic Systems and Uniform Insta-

bility

The Gutzwiller trace formula decomposes the density of states into a smooth average and
an oscillatory sum over periodic orbits:

ρ(E) = ρ̄(E) +
1

πℏ
∑
p

∞∑
m=1

Tp√
| det(Mm

p − I)|
cos

(
mSp(E)

ℏ
− mπ

2
νp

)
.

For a hyperbolic system, | det(Mm
p − I)| ∼ emλpTp in the strongly chaotic regime. The

hyperbolic sine simpli�cation gives:

1

2 sinh(mλpTp/2)
∼ e−mλpTp/2.

Mapping this to the Weil explicit formula for the Riemann zeros (under RH):

ρosc(E) ∼
1

π

∑
p

∞∑
m=1

ln p√
pm

cos(mE ln p).

Comparing amplitudes forces:

e−mλpTp/2 ∝ p−m/2 = e−m(ln p)/2.

Since periodic orbit theory identi�es the period Tp with ln p, we obtain:

λp = 1.

Thus any physical system whose spectrum reproduces the Riemann zeros
must be uniformly hyperbolic: every periodic orbit loses stability at the same
uniform rate λp = 1. This is a falsi�able prediction.
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12 Expanded Arithmetic-Geometric Spectral Matrix (First

Version)

The following matrix maps the exact mathematical equivalences across the four rigorous
domains of the framework:

Classical Chaotic Dynamics Quantum Metric Graphs Noncommutative Adelic Space Arithmetic / Zeta Function
Energy Level E Wave Number k Eigenvalue of Scaling Operator D Imaginary Part of Zero γ
Periodic Orbit p Metric Graph Cycle p Idele Class Subgroup Prime Number p
Orbit Period Tp = ln p Metric Edge Length lp Logarithmic Valuation Action Integral Sp =

∮
p · dq

Lyapunov Exponent λp = 1 Vertex Re�ection Coe�cient Modular Trace Component Uniform Instability Factor p−m/2

Truncated Phase-Space Volume Total Metric Length L Regularised Adele Class Volume Weyl Smooth Asymptotic ⟨N(E)⟩
Semiclassical Fluctuation ρosc(E) Wave Resonance Fluctuation Discrete Trace Defect Argument Step Function 1

π
arg ζ

(
1
2
+ iE

)
13 The Landau Formula: Fourier Extraction of Prime

Periodicities

While Riemann's explicit formula determines the prime-counting function from the dis-
tribution of the non-trivial zeros, Landau's Formula establishes the exact analytical
inverse. It demonstrates that the zeros of ζ(s) form a mathematical Dirac comb in the
spectral domain, allowing for the direct Fourier extraction of discrete prime numbers.

For a �xed scaling parameter x > 1, Landau's theorem governs the asymptotic limit
of the sum over the imaginary parts γ of the non-trivial zeros up to a spectral height T :∑

|γ|<T

xiγ ∼ TΛ(x) (T → ∞),

where Λ(x) is the von Mangoldt function, de�ned as:

Λ(n) =

{
ln p if n = pk for some prime p and integer k ≥ 1,

0 otherwise.

Semiclassical Interpretation: If we de�ne a formal spectral density function ρ(γ) =∑
n δ(γ − γn) composed of Dirac delta distributions positioned exactly at the non-trivial

zeros, its Fourier transform into the conjugate time domain (t = lnx) yields:

ρ̂(ln x) =
∑
n

eiγn lnx =
∑
pk

ln p · δ(lnx− ln pk).

This identity establishes that the Fourier spectrum of the Riemann zeros consists of
in�nitely sharp spectral lines located precisely at the logarithms of the prime numbers and
their integer powers. In semiclassical quantum mechanics, this is structurally identical
to evaluating the periodic return times of a localized wave packet traversing the closed,
primitive periodic orbits of a classically chaotic system.

© 2026 El Bouazzaoui TAYB � All Rights Reserved � DOI: 10.5281/zenodo.20508441

https://doi.org/10.5281/zenodo.20508441


14 Selberg's Central Limit Theorem: Log-Correlated

Fields

To formalize the statistical �eld mechanics along the critical line, the framework must
account for the global value distribution of the zeta function itself. Selberg's Central
Limit Theorem proves that as the spectral height T → ∞, the complex �uctuations of
ln ζ(1/2 + it) converge asymptotically to a log-correlated Gaussian random �eld.

Let t be a random variable distributed uniformly within the interval [T, 2T ]. For any
bounded Borel set B ⊂ C:

1

T
meas {t ∈ [T, 2T ] : ln ζ(1/2 + it) ∈ B} → 1

2π

∫
B

e−|z|2/σ2

dA(z),

where σ2 = 1
2
ln lnT +O(1).

Decoupling and Multifractal Scaling: This theorem implies that the real part
(the log-amplitude) and the imaginary part (the argument, which dictates the spectral
staircase �uctuation Nosc(t)) decouple asymptotically into independent, identically dis-
tributed Gaussian random variables:

ln |ζ(1/2 + it)| ∼ N
(
0,

1

2
ln lnT

)
, arg ζ(1/2 + it) ∼ N

(
0,

1

2
ln lnT

)
.

The variance scales logarithmically with the scale of the spectral window (ln lnT ). This
precise scaling law classi�es the critical line as a log-correlated multifractal �eld.
This exact behavior matches the statistical mechanics of log-correlated energy landscapes
observed in spin glasses, two-dimensional quantum gravity, and Anderson localization
transitions at the critical mobility edge.

15 The Keating-Snaith Conjecture: Thermodynamic

Moments

While Random Matrix Theory (RMT) accurately models the local statistical �uctuations
of the zeros via the Gaussian Unitary Ensemble (GUE), computing the global asymptotic
moments of ζ(s) on the critical line requires evaluating the characteristic polynomials of
matrices within the Unitary Group U(N) under Haar measure. The Keating-Snaith
Conjecture formalizes this to de�ne the thermodynamic partition function of the arith-
metic �eld.

The asymptotic 2k-th moment of the zeta function is formulated as:

1

T

∫ T

0

|ζ(1/2 + it)|2kdt ∼ akfk(lnT )
k2 ,

where:

� ak is the arithmetic factor mapping the prime Euler product:

ak =
∏
p

[(
1− 1

p

)k2 ∞∑
m=0

dk(p
m)2

pm

]
,

with dk(n) the Dirichlet convolution divisor function.
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� fk is the structural matrix constant determined by the Barnes G-function combi-
nations under the GUE random matrix ensemble:

fk =
G(1 + k)2

G(1 + 2k)

k∏
j=1

(j − 1)!

(j + k − 1)!
.

Thermodynamic Formulation: By treating the logarithm of the zeta function
as a free energy functional, the Keating-Snaith formulation yields an exact analytical
expression for the structural entropy and partition function Z(β) of the spectrum at an
inverse temperature β = 2k:

Z(β) = ⟨|ζ|2k⟩ ∼ akfk(lnT )
k2 .

This calculation demonstrates that the global distribution of the Riemann zeros is bounded
by the exact algebraic symmetries that govern the statistical mechanics of a compact, uni-
tary quantum �eld in the thermodynamic limit.

16 Consolidated Arithmetic-Geometric Spectral Ma-

trix (Final Version)

To verify the internal mathematical consistency of the framework, the structural matrix
maps the veri�ed analytical equivalences across all �ve rigorous domains:

Classical Semiclassical Chaotic Dynamics Quantum Metric Graph Networks Noncommutative Adelic Space Random Matrix Theory Ensembles (GUE) Arithmetic / Zeta Function Invariants

Fourier Return Time (t) Edge Propagation Delay Scaling Flow Parametrization Eigenvalue Phase Shift Logarithm of Prime (ln p)

Spectral Density ρ(γ) Resonance Spectrum Trace of Scaling Operator D Characteristic Polynomial Matrix Non-trivial Zeros of ζ(1/2 + iγ)

Hyperbolic Free Energy Graph Partition Function Adelic State Entropy Unitary Group Moment (fk) Asymptotic Moments of ζ(s)

Multifractal Landscape Wave Localization Mode Field Vacuum Fluctuations Log-Correlated Gaussian Field Selberg Variance 1
2
ln lnT

Semiclassical Fluctuation ρosc(E) Wave Resonance Fluctuation Discrete Trace Defect Determinantal Fluctuation Argument Step Function 1
π
arg ζ(1/2 + iE)

This matrix demonstrates that the connections are neither accidental nor metaphor-
ical. Every entry is a well-de�ned quantity in its domain, and the equalities are either
proven or conjectured with precise conditions.

17 The Langlands Program and Quantum Field The-

ory: S-Duality as Langlands

In 2006, Anton Kapustin and Edward Witten showed that the Geometric Langlands
correspondence is a consequence of S-duality (electric-magnetic duality) in N = 4 su-
persymmetric Yang�Mills theory. S-duality states that a QFT with gauge group G and
strong coupling is identical to a theory with the Langlands dual group LG and weak cou-
pling. Compactifying on a Riemann surface reduces S-duality to Geometric Langlands.
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Pure Mathematics (Geometric Langlands) Theoretical Physics (N = 4 SYM)
Complex curve (Riemann surface) Spacetime manifold
Langlands dual group LG Magnetic dual gauge group
Hecke operators 't Hooft line operators
Automorphic D-modules Space of quantum states (branes)
Langlands correspondence S-duality equivalence

This is not an analogy�it is a rigorous consequence of well-de�ned QFT. Mathematics
and physics are discovering two manifestations of the same underlying symmetry.

18 Conclusion

The intersection of the Riemann Hypothesis with quantum mechanics and quantum �eld
theory has produced:

� The Hilbert�Pólya spectral conjecture

� GUE statistics linking zeros to quantum chaos (Montgomery�Dyson)

� The Berry�Keating H = xp Hamiltonian and its dilation interpretation

� Connes' adelic non-commutative geometry with explicit trace formula

� A PT-symmetric Hamiltonian equivalent to RH (Bender�Brody�Müller)

� The Katz�Sarnak classi�cation of L-function families by Lie group symmetries

� The uniform hyperbolicity condition λp = 1 from Gutzwiller's trace formula

� Explicit quantum graph models with prime-length edges and Kirchho� boundary
conditions

� Landau's Fourier inversion: zeros as a Dirac comb extracting prime periodicities

� Selberg's central limit theorem: the critical line as a log-correlated Gaussian �eld

� The Keating�Snaith conjecture: thermodynamic moments and partition function

� A comprehensive �ve-domain spectral matrix unifying all frameworks

� The Kapustin�Witten realisation of Geometric Langlands via S-duality

Each of these is a bottom-up construction: the zeros are the output of a well-de�ned
operator or QFT. The uniform Lyapunov exponent condition (λp = 1) provides a falsi�-
able prediction. The spectral matrix o�ers a rigorous dictionary across �ve mathematical
and physical domains.

The Riemann zeros remain the most tantalising spectral data set never yet assigned
to a physical system�a challenge that continues to unite mathematicians and physicists
in one of the most beautiful collaborations of the modern era.
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